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We investigate the periodic modes of motion in a systern of objects with one
degree of freedom, interacting through weak couplings, when in the absence of
the couplings the objects perform periodic motions with frequencies which are
the multiples of some value (the case of multiple synchronization [1]), We con~-
sider a system with a multidimensional rapidly-rotating phase, describing the
interaction of nonlinear almost-conservative objects, We study the case, called
"nonsimple” in [1], when the first~approximation periodicity conditions determine
the connection only between the generating phases of the objects moving with
like frequencies, while the connection between the phases of groups of objects
having unequal frequencies are determined from the second-approximation per-
iodicity conditions, We derive the necessary and sufficient stability conditions
for the modes found, The multiple synchronization of mechanical vibrators in
the "simple"” case have been studied by the small-parameter method in [2], A
survey of other papers which study actual engineering objects by primarily asym-
ptotic methods has been presented in [1],

1, Let us consider the problem of the interaction of nonlinear objects with weak
couplings in the absence of an external force, described by the following system with a
multidimensional rapidly-rotating phase:
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Here y ~> 0 is a small parameter, v, F, F are N-dimensional vectors, A4 is an
N X N square matrix with constant coefficients; Xi” , X, Yil), Yég), F, FiU are
assumed to be analytic in some region of the space of their arguments and to be 27-
periodic in each of the variables @;,..., ¢, The problem of the synciironization of quasi-
conservative objects interacting through weak couplings reduces to equations of form
(1.1) after a transition to "phase-frequency” variables [3, 4],

For p = O system (1,1) admits of a solution of the form

208



Multiple synchronization in a system of weakly-coupled objects 209

Qg == Vgl 4 Oy, Mg = Vg
V=Vl Oy ey Vb +%ny Vi o« vy Vi) (1.2)

where v, and @, are constant frequencies and initial phases, For a complete system
(1.1) we restrict ourselves to seeking the periodic solution, turning into solution (1,2)
for p = O when all the v, are multiples of some frequency v, i,e,,v, = V. Suppose
that there exist r groups of objects in each of which the n, are the same; we denote
the number of objects in the  /th group by ;. Without loss of generality the numbers
R, can be taken as not having common divisors,

We seek the periodic solution of system (1,1), of period I’ == 25 / v in the form of
a series in ,taking (1, 2) as the generating solution with due regard to the assumptions
made, The frequency v depends on | and can be represented as the series

v == V00 - pv@) fopie@ 1.3

whose coefficients are to be determined as we solve the problem, Instead of the variable
¢ we introduce the variable #; by the formula

t= (1 +ph® - puh® 40t (h? == v ) v (1.4)
Then the problem reduces to seeking the 27/v(®)-periodic solution of the new system
Pri = 0 + p [XF — 2P0 + p* [ X — BOXD — (1P — 1) 0] + 0 1)
w;i = pYi 4+ pt (Y — ROV 40 (u)
= Av + F+ p [FO — 1P 4v — 1OF] + 0 () (1.5)

System (1, 5) has been written in such a manner that the objects having like frequencies
in the generating approximation are combined into one group with the index number
k(g =1,..., r),whilei (i = 1,..., 1;) denotes the index number of the object within
the group,

When solving system (1, 5) by the small-parameter method, all the approximations
for the functions @y; and ®y; are determined, obviously, to within additive constants
which can be considered as the corresponding higher-order components of the generating
phases and frequencies, Therefore, right away we can seek the phases and frequencies
in the form of series in [t with constant coefficients (see [5], Chap, IlI), Thus, finally,
we seek the solution of system (1, 5) in the form

Qi = Myt o} + p (PR - o) + ...
Oy = vhz + B (m(l) (1)) +. v = V(O) + }LV(I) 4.

where v{(® represents the solution of the equation
v = AV L F(n + ay, ..., nT -k ol ) (1.6)

which is 2m;-periodic in the dimensionless time t = v(®{, , The first~approximation
periodicity conditions
o
(DI () I 0 (0) — y® —
PO D, .. ., oD VO D, W) = o S My dr =0 (1.7
0
together with the conditions

vid =nd” =t 0 k=1, 1) (1.8)
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yield a system of equations for determining the generating phases a,( ) and the initial

approximation V) for the frequency, Here and subsequently, parantheses around func-
tions and derivatives signify that they are computed at the generating solution,

If systemn (1, 7) together with conditions (1, 8) admits of a simple solution relative to
the I, ++ ... + [, — 1 phases (since the initial system is autonomous, one of the
phases is arbitrary and can be taken equal to zero) and to the frequency v(V), then the
multiple synchronization problem is practically not different from the simple synchron-
ization problem [1], Therefore, in what follows we examine the particular case, impor-
tant for solving applied problems (especially the problem of the multiple synchronization

of mechanical vibrators), when the functions P(.l) do not depend on those a(") and vfg)
for which p == &
1) ,
PR = PP OO, .. afc“;,v“ v, .. vﬁ“’? (1.9)

In other words, we consider the case when from the first-approximation periodicity con-
ditions there is established only the synchronization conditions for objects moving with
like frequencies (the conditions for simple synchronization), Thus, system (1.7) breaks
up into r independent systems each of which permits the determir.ation of /, — 1 gen-
erating phases to within additive constants ), arbitrary in this approximation. The
values of the frequency v(®, determined here from each system, are taken to be equal
in correspondence with the assumptions made,

To determine the constants a(o) we consider the following approximation to the un -
known functions, From the second-approximation periodicity condition we obtain

£ 13 S o

0Y Y4ty
=+ ( 0, )(a)‘l) + v(l))] -+ (- 8‘1:1 ) v W (yEy 4 (Yﬁ’)} di=0 (1.10)

where P are functions of all Oc“) and v(” as well as of a(® not determined in the

first approximation, The functions P can be represented as the sum of two terms,one

of which does not depend on a;,l,),whlle the other is a linear function of OL(I)

2) 2
P(Kz - PSH)U + Pskzzkki
2 pe 0 0) 1) 1
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L
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=1
Consequently, for finding the constants a%) we have the 7 linear systems
!
k
( 1
(P ) oDy a) = — PR (1.11)
i=1

whose determinants equal zero, Therefore, for the systems to be solvable relative to

ag) it is necessary that the equalities !

K
0P, ..., 2", v v \73) > Pk, =0 (1.12)
i=o1
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be satisfied, In (1,12) the a,:'i denote the solutions of the systems

'k

=1,...,
N @PR daNat=0 (1 =\ ) (1.13)
i— yoroeey T

System (1,12), supplemented by the conditions vy = n,v(, serves to determine the
first approximation to the frequency and to the constants af” one of which is arbitrary
by virtue of the autonomous property of the system,

2, Going over to the investigation of the stability of the solutions found, we set up
the variational equations of system (1, 5), These equations represent a linear system with
( 27 / v©) - periodic coefficients whose 2 (I, -+ ... 4 [,) characteristic indices vanish
for p = 0, The stability of the sclutions found is determined by the signs of the real
parts of these so-called "critical” indices [4], Therefore, we restrict ourselves only to
looking for these, We tepresent the perturbations 8q,;, 8 @i, OV as

8y = My, B0y = eM"‘pkh v = ef'w 2.1

where &,; (4), by (2,), W (2,) are ( 2 / v ) - periodic functions, while the critical
indices A = A (1) can be expanded into a series in powers of W'

A=A 4 Agp L (2.2)

The successive approximations of the characteristic indices are sought during the construc-
tion of the ( 2; / v(?) - periodic solutions of the variational system as series in powers
of w': with ( 2n / v® )= periodic coefficients, As a result of the corresponding calcu~
lations, on which we do not dwell here, we arrive at the following results,

The first approximations to the characteristic indices are the roots of the equations

[ Akis] =0, (A = 0P 102 — A3dy) (2.3)
Each of these equations has a double zero root; the remaining root of each equation is
assumed to be simple and nonzero, For the nonzero A, the corresponding second approx-
imations to the characteristic indices are [4]

% L o 1
oPy ORP 4 ¢(avR

= d— —

Ay 2 2 [av“’) aa’({g) T 2n S( av )g’" d"] D

i, j=1
27
o __ 1 xm ‘
(9 =5 § (x av) (2:4)
0
where @y and ay;* are the solutions of the conjugate systems
‘g I
%
D Awiari =0, D Awjaii =0 (2.5)
j=1 i=1
moreover, we assume that the vectors @, and a,® are chosen so that
b
D) ayah =1 (2.6)

)
For those same characteristic indices for which the first apptoximations A, = 0, the
quantities A, are determined from the equation
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The functions &xi in (2.4) and (2, 7) are expressed in terms of v(? in accordance with

K2 % the relation [4]
M

g
(f 12 | Pzr 12
e,}{ :,,<E :,,Q c,,Q
m, m, m, .
”/V ”"’v ”év ”?)v

_ o 0¥
i=v oy @9
1

The multiple synchronization mode being in-
vestigated is stable if

A2 <O, Re 4, <0
for all roots of Eqs, (2, 3) and (2, 7)., Here one

root of Eq, (2, 7) equals zero, as must be for
an autonomous system,

Fig. 1.

8, Let us consider the problem of the double synchronization of two pairs of unbala-
nced vibrators fixed on a rigid body which can accomplish translational oscillations
(Fig, 1). The equations of motion of such a system have the form (see [1, 6] regarding
the introduction of the small parameter)

. Pri = Oy
O, = 7— [Ly; (@) + My €T SINQy, +my e, g sin @; — 0 (k,i=1,2)
2
Mz 4 ez = Z Myi € (Op;"SIN @y + 0,2 cos ;) (3.1)

k. i=t

where mki, €xiy Iii, Ly are the mass, the eccenfricity, the moment of inertia, and

the shaft torque of the ith unbalance in the Ath group; M, ¢ are the mass of the
system and the rigidity of the elastic coupling, ¥ is the angle between the direction of
the rigid body's motion and the vertical, The vibrators in each pair are considered alike,
i,e. =
myy = myy = my, 811 = 81 = &, Ly = L= 1L, In=I5L,=1
Mgl = Myy = My, Ey1 = Byp = By, Ly=Ly=0L,, Iy=Ip=1I,

We seek the existence conditions and the stability of the mode when the vibrators of
the first pair rotate with an angular speed half that of the vibrators of the second pair,
The first-approximation periodicity conditions for 2v{}) = 2v(Q = v{D=v{) = 2¢(®) lead
to the equations Ly (v) =0, ILs (2v(°)) =0

sin (@Q=a{P) =0,  sin(@f) —af))=0 (3.2)

For the existence of the made being sought it is necessary that the equations for deter-
mining the frequencies admit of similar solutions, We further restrict ourselves to study-
ing the case when the vibrators in each pair move coherently

0) 0) . (0 — (@
1) == agg) = a; 3 Clél) = (122 = 512 (33)

o
Then u
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Usually (dLy / dwg;) < 0 and, therefore, v = 0, and the equation connecting the con-
stants a{” and af” is obtained in the form

cos (2a§°) - ago) —x) =0

whence 20 — o =y + n/ 2 or 2¢{” — o{¥ = x + 3n/ 2.

From the stability conditions of the first group (A, < 0) it follows that the phasing
(3. 4) is stable if p? > 4v'®" Relations (2, 4) lead to the requirement [6] that (dLyldog) <
<0. Finally, the condition that the roots of Eq, (2 7) be negative shows that for p* >
> 4v( the mode is stable when 20" — ol = y + 3x / 2. We take the initial phases
of the rotation of the vibrators of the first pair, o) and ol equal to zero, Then the
law of oscillations = (f) of the rigid body is

__2myeyv? 8magav? 3n
x—mcosvt —{-M cos (th——x—-'*z“) +0@ =
_ 2mye1v? 8maeavt X
= M (52 — ) COS vt — M (7% — vy Sin vt —y+ 0@ {3.5)

where v =v® 40 (%) The other solutions of Eq, (3.2) are investigated analogously,
The author thanks I, 1, Blekhman for discussing the results and for valuable advice,
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